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1. Water flow problem:

A
dh

dt
= Qi(t)−Q(t) = Qi(t)− x(t)h(t)

Substituting

h = hs + ∆h, Qi = Qis + ∆Qi x = xs + ∆x

we obtain,

A
d(hs + ∆h)

dt
= Qis + ∆Qi − (xs + ∆x)(hs + ∆h)

Subtracting the steady state equation

A
dhs

dt
= Qis − xshs = 0

we obtain,

A
d∆h

dt
= ∆Qi − xs∆h− hs∆x

where, we have neglected the second order term. We obtain

∆̇h =
∆Qi

A
− hs∆x

A
− xs∆h

A

∴ ∆̇h =
−xs∆k

A
+

[
1
A

−hs

A

] [
∆Qi

∆x

]
2. ZOH with delay.

(a) Using t = D + tn − τ ,

B1 =
∫ tn+D

tn

eF (tn+1−τ)Gdτ = −
∫ 0

D
eF (tn+1−D−tn+t)Gdτ

= eF (Ts−D)

∫ D

0
eFtGdτ

With the substitution t = tn+1 − τ

B0 =
∫ tn+1

tn+D

eF (tn+1−τ)Gdτ = −
∫ 0

Ts−D
eFtGdτ

=
∫ Ts−D

0
eFtGdτ



Note that with slightly diferent substitution, we get different expressions for B0 and B1:
with t = τ − tn, τ = t + tn, dτ = dt,

I1 =
∫ tn+D

tn

eF (tn+1−τ)Gdτ =
∫ D

0
eF (Ts−t)GDτ

= eFTs

∫ D

0
e−FtGdt , B1

with t = τ − (tn + D),

I2 =
∫ tn+1

tn+D

eF (tn+1−τGdτ =
∫ Ts−D

0
eF (tn+1−t−tn−D)Gdτ

=
∫ Ts−D

0
eF (Ts−D−t)Gdt = eF (Ts−D)

∫ Ts−D

0
e−FtGdt , B0

In either case, we get

x(n + 1) = Ax(n) + B1u(n− 1) + B0u(n)

(b) For d = 1, we had,

x(k + 1) = Ax(k) + B0u(k) + B1u(k − 1)[
x(k + 1)

u(k)

]
=

[
A B1

0 0

] [
x(k)

u(k − 1)

]
+

[
B0

I

]
u(k)

Notice that if d = 2,

x(k + 1) = Ax(k) + B1u(k − 2) + B0u(k − 1)

The expressions for B1 and B0 do not change. The state space equivalent isx(k + 1)
u(k − 1)

u(k)

 =

A1 B1 B0

0 0 I
0 0 0

 x(k)
u(k − 2)
u(k − 1)

 +

0
0
I

u(k)

(c) As mentioned above, B0 and B1 expressions are identical.

(d) For a general d, we get,
x(k + 1)

u(k − d + 1)
...

u(k − 1)
u(k)

 =


A1 B1 B0 0 . . . 0
0 0 I 0 . . . 0
...

...
...

. . .
0 0 0 0 . . . I
0 0 0 0 . . . 0




x(k)

u(k − d)
...

u(k − 2)
u(k − 1)

 +


0
0
...
0
I

u(k)


