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1. Water flow problem:

dh
T = Qilt) = QU) = Qi(t) ~ 2()h(1)
Substituting
h:h3+Ah7 QZ:QZS+AQ1 r=xs+ Az
we obtain,
d(hs + Ah
A(c—l:) = Qis + AQ; — (zs + Azx)(hs + Ah)

Subtracting the steady state equation

dhg
A— = is — Lslls =
7 Q zshs =0

we obtain,

A% = AQ; — xsAh — h;Ax

where, we have neglected the second order term. We obtain

. AQ; hsAx  xAh

Ah = A A A

L —xAk [T —hs) [AQ;
Ah=—p— {A A } {Az]

2. ZOH with delay.

(a) Using t=D+t,—T,
tntD 0
By = / eF(tn+1—T)GdT _ _/ eF(tn+1_D_tn+t)GdT
tn D
D
= GF(TS_D)/ eftQdr
0
With the substitution ¢ =¢,41 — 7

tn41 0
By = / Ftnti =" Gdr = —/ eFtGdr
thtD Ts—D

T,—D
= / eMtGdr
0



Note that with slightly diferent substitution, we get different expressions for By and Bj:
witht=7—1t,, T =t+t,, dr = dt,

tn+D D
I = / Fltni=T)Gar = / F =G Dr
tn 0
D
= 'l / e—FtGdt & B,
0
with t =7 — (¢, + D),

b1 Ts—D
12 = / eF(tn+1—TGd7_ — / eF(tn+1—t—t7L—D)GdT

(295} 0

Ts—D s
= / FI=D=DGqt = F(Ts=D) / e Flqdt £ By
0 0

In either case, we get
#(n +1) = Az(n) + Biu(n — 1) + Bou(n)
(b) For d = 1, we had,
x(k+1) = Az(k) + Bou(k) + Byu(k — 1)
e R P Pt R O
Notice that if d = 2,
2(k+1) = Az(k) + Biu(k — 2) + Bou(k — 1)

The expressions for B; and By do not change. The state space equivalent is

xz(k+1) A1 B1 By x(k) 0
uk—-1)=10 0 TI]| |u(k—2)]+ [0]u(k)
u(k) 0 0 0] [uk-1) I

(c) As mentioned above, By and B; expressions are identical.

(d) For a general d, we get,

a:(k + 1) i A1 By By O 0 m(k) 0

u(k —d+1) 0o 0 I o0 0] |u(k—d) 0
: =1: = - : + || ulk)

u(k —1) 0 0 0 0 ... I| |u(k-2) 0

Cowk) ] Lo oo 0o o ..o [wk-1)] [1]




