
1. Use ACF to Determine Order of AR Process?

Calculate the ACF of AR(1) process:

y(k) + a1y(k − 1) = ξ(k)

Multiplying by y(k − 1), y(k − 2), . . ., y(k − l) and take expectation:

γyy(1) + a1γyy(0) = 0

γyy(2) + a1γyy(1) = 0
...

γyy(l) + a1γyy(l − 1) = 0

γyy(l) = −a1γyy(l − 1) = −a1(−a1γyy(l − 2)) = . . . = (−1)lal
1γyy(0)

• Therefore, ρyy(l) = (−1)lal
1. Thus, ACF never dies out for an AR process

and hence cannot be used for detecting the order of an AR process.

• Although there is no direct correlation between y(k) and y(k − l) for

l > 1, it appears to exist due to auto-regression.
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2. PACF Approach

To determine the order of AR(p) process:

y(n) + a1y(n− 1) + · · · + apy(n− p) = ξ(n)

1. Let j = 1

2. Assume that the system is an AR(j) model:

y(n) + a1jy(n− 1) + · · · + ajjy(n− j) = ξ(n)

3. Multiplying this equation by y(n− k) and taking expectation, we obtain

γyy(k) + a1jγyy(k − 1) + · · · + ajjγyy(k − j) = 0, ∀k ≥ 1

4. Write this for k = 1 to j, arrive at j equations. Solve them for ajj.

5. If j < jmax, increment j by 1 and go to step 2 above.

Note that jmax should be chosen to be greater than the expected p. A plot

of ajj vs. j will have a cut off from j = p + 1 onwards.
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3. Determination of AR(2) by PACF Approach

Recall the basic equation:

y(n) + a1jy(n− 1) + · · · + ajjy(n− j) = ξ(n) (1)

Determine the order of

y(n)− y(n− 1) + 0.5y(n− 2) = ξ(n) (2)

For j = 1, Eq. 1 becomes

γyy(k) + a11γyy(k − 1) = 0, ∀k ≥ 1.

For k = 1, the above equation becomes

γyy(1) + a11γyy(0) = 0

a11 = −γyy(1)

γyy(0)

(3)

For j = 2, Eq. 1 becomes

γyy(k) + a12γyy(k − 1) + a22γyy(k − 2) = 0
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4. Determination of AR(2) by PACF Approach - Ctd - 1

γyy(k) + a12γyy(k − 1) + a22γyy(k − 2) = 0

k ≥ 1. For k = 1, 2, this equation becomes,[
γyy(0) γyy(1)

γyy(1) γyy(0)

] [
a12

a22

]
= −

[
γyy(1)

γyy(2)

]
. (4)

For j = 3, Eq. 1 becomes

γyy(k) + a13γyy(k − 1) + a23γyy(k − 2) + a33γyy(k − 3) = 0

∀k ≥ 1. For k = 1, 2, 3, it becomes,γyy(0) γyy(1) γyy(2)

γyy(1) γyy(0) γyy(1)

γyy(2) γyy(1) γyy(0)

a13

a23

a33

 = −

γyy(1)

γyy(2)

γyy(3)

 (5)

To solve these equations for ajj, we need to calculate γyy(k), k = 0 to 3.
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5. Determination of AR(2) by PACF Approach - Ctd - 2

Determine the order of

y(n)− y(n− 1) + 0.5y(n− 2) = ξ(n)
(6)

Multiply by ξ(n), take expectation:

γyξ(0) = γee(0) = σ2
ξ

Multiply Eq. 6 by y(n), y(n−1) and y(n−2),
one at a time, take expectation: 1 −1 0.5

−1 1.5 0
0.5 −1 1

γyy(0)
γyy(1)
γyy(2)

 = σ2
ξ

1
0
0


Solving it, we obtainγyy(0)

γyy(1)
γyy(2)

 =

2.4
1.6
0.4

σ2
ξ (7)

Multiply Eq. 6 by y(n− 3) and take ex-
pectation

γyy(3)− γyy(2) + 0.5γyy(1) = 0

solving which, we obtain

γyy(3) = −0.4σ2
ξ (8)

Substitute 7 to 8 in 3 - 5 and determine
aij. We obtain

a11 = −0.67

a22 = 0.5

a33 = 0

As expected for the AR(2) process,
ajj = 0 for j > 2.

CL 692 Digital Control, IIT Bombay 5 c©Kannan M. Moudgalya, Autumn 2006

6. pacf ex.m

1 % D e f i n e m o d e l a n d g e n e r a t e d a t a

2 m = i d p o l y ( [ 1 , − 1 , 0 . 5 ] , [ ] , 1 ) ;
3 e = 0.1∗ randn ( 100000 , 1 ) ;
4 y = sim (m, e ) ;
5

6 % P l o t n o i s e a n d p l a n t o u t p u t

7 subplot ( 2 , 1 , 1 ) , plot ( y ( 1 : 5 0 0 ) )
8 t i t l e ( ’ P l an t output and n o i s e i n pu t vs . t ime ’ , . . .
9 ’ Fon tS i z e ’ , 14)

10 y labe l ( ’ P l an t output y ’ , ’ Fon tS i z e ’ , 14)
11 subplot ( 2 , 1 , 2 ) , plot ( e ( 1 : 5 0 0 ) )
12 y labe l ( ’ No i s e i n pu t e ’ , ’ Fon tS i z e ’ ,14)
13 x labe l ( ’ Sampl ing i n s t a n t , k ’ , ’ Fon tS i z e ’ ,14)
14

15 % G e n e r a t e P A C F a n d p l o t

16 f igure , p ac f ( y , 1 0 ) ;

CL 692 Digital Control, IIT Bombay 6 c©Kannan M. Moudgalya, Autumn 2006



7. pacf.m
1 funct ion [ a j j ] = pac f ( y ,M)
2 r y y = x c o r r ( y , ’ c o e f f ’ ) ;
3 l e n = length ( r y y ) ;
4 z e r o = ( l e n +1)/2;
5 r y y0 = ryy ( z e r o ) ;
6 r y y o n e s i d e = ryy ( z e r o +1: l e n ) ;
7 a j j = [ ] ;
8 fo r j = 1 :M,
9 a j j = [ a j j pac f mat ( ryy0 , r y y o n e s i d e , j , 1 ) ] ;

10 end
11 p = 1 : length ( a j j ) ;
12 N = length ( p ) ;
13 l im = 2/ sqrt ( length ( y ) ) ;
14

15 % P l o t t h e f i g u r e

16

17 A = axes ( ’ Fon tS i z e ’ , 1 4 ) ;
18 set ( get (A , ’ X l a b e l ’ ) , ’ Fon tS i z e ’ , 1 4 ) ;
19 plot (p , a j j , p , a j j , ’ o ’ , p , l im ∗ ones (N, 1 ) , ’−− ’ , . . .
20 p,− l im ∗ ones (N, 1 ) , ’−− ’ )
21 y labe l ( ’PACF ’ ) , x labe l ( ’ Lag ’ ) , gr id
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8. Partial Auto Correlation Function
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9. Determination of MA(q) and AR(p) Processes

MA(q) process:

y(n) = ξ(n) + c1ξ(n− 1) + · · · + cqξ(n− q)

• A plot of {γyy(k)} vs. k becomes zero for all k > q.

Known as ACF plot

AR(p) process:

y(k) + a1y(k − 1) + · · · + apy(k − p) = ξ(k)

• Assume p = 1, calculate a1, call it a11

• Assume p = 2, calculate a2, call it a22

• Repeat this enough number of times

• Plot a11, a22, . . ., ajj vs. j

• From j = p + 1 onwards, ajj = 0

Known as PACF plot
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10. Determination of ARMA(p, q) Process by Trial and Error

y(n) + a1y(n− 1) + · · · + apy(n− p) = ξ(n) + c1ξ(n− 1) + · · · + cqξ(n− q)

1. Plot the ACF and PACF to check if it is a pure AR, MA or a mixed

process.

2. For mixed process, start with an AR(1) model (use the arma function in

MATLAB).

3. Compute the residuals of this model (use the pe function in MATLAB).

4. Examine the ACF and PACF of the residuals.

5. If a mixed process is observed, estimate an ARMA(1,1) model.

6. Implement steps 3 and 4. Increase the AR and MA order alternately until

convergence.

In practice, commonly occurring stochastic processes can be adequately rep-
resented by an arma(2,2) or by a lower order process
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11. Determination of ARMA(p, q) Process by Trial and Error

y(n) =
1− 0.3z−1

1− 0.8z−1ξ(n)

1 % S e t u p t h e m o d e l f o r s i m u l a t i o n

2 arma mod = i d p o l y ( 1 , 0 , [ 1 −0 .3 ] , [ 1 −0 . 8 ] , 1 , 1 ) ;
3

4 % G e n e r a t e t h e i n p u t s f o r s i m u l a t i o n

5 % D e t e r m i n i s t i c I n p u t c a n b e a n y t h i n g

6 u = zeros ( 2 048 , 1 ) ;
7 e = randn ( 2 048 , 1 ) ;
8

9 % S i m u l a t e t h e m o d e l

10 y = i d s im ( arma mod , [ u e ] ) ;
11

12 % P l o t A C F a n d P A C F f o r 1 0 l a g s

13 f igure , p l o t a c f ( y , 1 e−03 ,11 ,1) ;
14 f igure , p ac f ( y , 1 0 ) ;
15

16 % E s t i m a t e A R ( 1 ) m o d e l a n d p r e s e n t i t

17 mod est1 = armax ( y , [ 1 0 ] ) ; p r e s e n t ( mod est1 )
18

19 % c o m p u t e t h e r e s i d u a l s
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20 er r mod1 = pe ( mod est1 , y ) ;
21

22 % P l o t A C F a n d P A C F f o r 1 0 l a g s

23 f i gu re
24 p l o t a c f ( err mod1 , 1 e−03 ,11 ,1) ;
25 f igure , p ac f ( err mod1 , 1 0 ) ;
26

27 % C h e c k A C F a n d P A C F o f r e s i d u a l s

28 mod est2 = armax ( y , [ 1 1 ] ) ; p r e s e n t ( mod est2 )
29 er r mod2 = pe ( mod est2 , y ) ;
30

31 % P l o t A C F a n d P A C F f o r 1 0 l a g s

32 f i gu re
33 p l o t a c f ( err mod2 , 1 e−03 ,11 ,1) ;
34 f igure , p ac f ( err mod2 , 1 0 ) ;
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12. ACF and PACF Plots

Original Process:
ACF Plot
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PACF Plot
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Residual of AR(1) Process (24):
ACF Plot
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PACF Plot
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Residual of ARMA(1,1) Process
(33):
ACF Plot
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PACF Plot
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White noise is confirmed
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13. Estimation of Impulse Response

Consider usual plant configuration:

ξ(n)

G(z)

H(z)

v(n)

y(n)u(n)

y(m) = g(m) ∗ u(m) + h(m) ∗ ξ(m)

Convolve with u(−m). As u and e are
uncorrelated (rue(n) = 0),

ryu(m) = g(m) ∗ ruu(m),

where, r denotes correlation. Taking Z-
transform,

Φyu(z) = G(z)Φuu(z)

Taking Fourier Transform,

Φyu

(
ejω

)
= G

(
ejω

)
Φuu

(
ejω

)
As ruu(n) is real and even, Φuu real. If
Φuu

(
ejω

)
= K, a constant,

G
(
ejω

)
=

1

K
Φyu

(
ejω

)
.

On inverting this, we obtain

{g(n)} =
1

K
{ryu(n)}.

• This method of estimating impulse re-
sponse reduces noise: summation is a
smoothing operation.

• If input were white, Φuu

(
ejω

)
= K,

a constant
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14. Identification

System Identification Problem: Want to find G(z) and H(z):

ξ(n)

G(z)

H(z)

v(n)

y(n)u(n)

First find G only, assuming white noise:

ξ(n)

G(z) y(n)u(n)
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