Causal system transfer function:

N

= y(n)=1r"

e > 1: the response
grows monotonically

o1 >1r > 0: y decays
to zero monotonically

o0 > r > —1: oscil

latory, decaying expo-

n

nential

e < —1: the output
grows with oscillations
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Calculate impulse response Y (z):

Y(z) z
z  (z—re¥)(z —reiv)
A A*
oz —relw gz —re v

A is complex, A* is conjugate
y<n> :Arnejnw_i_A*rnefjnw
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A = aiel?

y(n) = arr” {ej(nww) n efj(anrB)}

Ul
i

= 2a17" cos (nw + ),

n>0

PR J‘H
1 Wl

-—

AL

,mr“/\i)w
L X
T

1y
s

{u(n)} = > {5(n - k)}u(k) = 5(n) * u(n)

k=—o0

Arbitrary input = sum of impulse functions
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a t) = A Ot 0 s t
ua(t) = Acos (Qt +0), —00 <t < o0 frequencies are different

A: amplitude "
€): frequency in rad/s Up = oS (27T§), Uy = COS (

0: phase in rad

2. Continuous signals with different

Tt
2m—

F: frequency in cycles/s or Hertz

Q=2nF \
uq(t) = Acos (2 F't + 0) P
1
T — =
"F

1. F' fixed: periodic with period T},

1
ug[t +T),) = Acos (2mF(t + F) + 0)

3. Frequency of u | = rate of oscil-

= Acos (2m 4+ 21 Ft +0) lation of signal |
— Acos (2nFt +0) = uyt] - t is a continuous variable
CL 692 Digital Control, IIT Bombay 3 ©Kannan M. Moudgalya, Autumn 2006

ug[t] = A’ = Alcos (Qt + 0) + jsin (Qt + )]
e For convenience, negative frequency
e Positive frequency = counter clockwise rotation

e Negative frequency = clockwise rotation

Ar . .
y[f] = Acos (Ot +6) = = {ey(mw) n e—](qu _ pe {AGJ(QH-H)}

Re - real part. I'm - imaginary

Ug,[t] = Asin (Ot +0) = Im { Aeﬂﬂtwq
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u(n) = Acos (wn +#6), —oo <n < oo
w=2rf

integer variable, sample number
amplitude of the sinusoid
frequency in radians per sample
phase in radians.

-~ 8 3

normalized frequency, cycles/sample

u(n) is periodic with period N, N >
0, if and only if (iff)

u(n+ N)=u(n) Vn

The smallest nonzero N = funda-
mental period

u(n) = cos (27 fon + 0)
u(n + N) = cos (2m fo(n + N) + 0)

Equal iff there exists an integer k:

k
27’(’ng =2kr = f() = N

e fy is rational
e N obtained after cancelling the
common factors in — is known
as fundamental periogl
A discrete time sinusoid is periodic

only if its frequency f is a rational
number
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u(n) = Acos(wn +6), —oo <n < oo
w=2rf

integer variable, sample number
amplitude of the sinusoid
frequency in radians per sample
phase in radians.

- D o 3

normalized frequency, cycles/sample

Discrete time sinusoids whose fre-
quencies are separated by integer
multiple of 27 are identical, i.e.,

cos ((wg + 2m)n + 6) = cos (won + 6), Vn

All sinusoidal sequences ux(n)

ur(n) = Acos (wgn + 0),

w = wy + 2km, —m < wy < T

e are indistinguishable or identical

e Only the sinusoids in range
—7m < wy < 7 are different

< wy < ! < fo < !
— w or — = —
s 0 s 5 0 5
This property is different from the
previous one

e Now fixed n & varying f

e Previously fixed f & varying n

CL 692 Digital Control, IIT Bombay 6
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u(n) = Acos(wn +6), —oo <n < oo
w=2nf

integer variable, sample number
amplitude of the sinusoid
frequency in radians per sample
phase in radians.

-

normalized frequency
(cycles/sample)

Highest oscillation

cos wyn has been plotted for

T mT

e wy values of —, —, —, 7
8 4 2

e integer n

T A
JIF ]

cos(n*pi/8)
(n*pild)

cos(n*pi/2)
P

® W =TOorw=-—m
1
2
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Let analog signal u,[t] have a fre-

quency of F' Hz

uqlt] = Acos(2nF't + 0)

In our standard notation,

u(n) = Acos (2w fn + 0)

It follows that

Uniform sampling rate (7 s) or fre-

quency (F Hz)

n
t=nT, =~
nT. I
u(n) = ugnTy] —oo <n < oo .
= Acos 2nFTsn + 0) 5
FmaX

F
= Acos (QWFn + (9)

S

<

Apply the uniqueness condition for

sampled signals

1
f<§ —T<w<T
F
:? QmaXZQﬂ_Fmax:WFs:%
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' t Tt
e As wy T, freq. of oscil- uy[t] = cos 277_)7 uslt] = cos (277_), T, =1
lation T, reaches maxi- 8 8

_ 7 1
mum at wo =7 us(n) = cos 27T§n> = 08 27 (1 — §> n

e What if wyg > 77
2m 2mn
= cos | 27 — ?) n = Cos (?) = uy(n)

w1 = Wy

Wy = 2T — Wy
ui(n) = Acoswin
= Acoswgn

us(n) = Acoswon

coswt

= Acos(2m — wy)n
= A coswyn

= U1<n>

wo is an alias of w;
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e 1(t) is periodic with a fundamental period 1, = Fio

e It has a Fourier Series:

00
33<t) _ Z Ck€j27rkF0t
k=—00

e Want to calculate C},
e Multiply both sides by e~/27fo!

e Integrate from ¢y to tyg +1,, T}, = FLO

0 0

o to+1p
_ Z C,. / 6j27r(k—l)thdt
k=—00 to

to+T)p ‘ to+Tp s .
/ x<t>6—j27rlF0tdt _ / e—jQWlF()t E : CkGJQWkFOt dt
t t P
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otip ot+ip
/ l’(t) —jQWlFotdt Z Ck/ 6]27?(k l)FOtdt
i

0 k=—o00

= /T, + Z Cy

k=—o00,k=#l

pJ2m(k=1) Fyt to+Tp

j2r(k — 1) Fol,,

Itk —1#0, letn==Fk—I:

€j27mFot|t0+Tp _ pi2mnFo(to+Ty) _ pi2mnFoto _ €j27mFoto<€j?7m —1)=0
Hence

t0+Tp _
/ x(t)e *mhg = O, =
t

0
to+T,
:_/O P e 92 Fot gy — 1/x(t>€—j27rlF0tdt
T T,

Since, periodic. x(t), Cj: Fourier Series Pair
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e Aperiodic = no Fourier series As 1, = x over one period,
p

: T
o lIf x(t) =0 .out.5|d§ (—=, 7) Con- 1 e g
struct a periodic signal z,[t] with a - 7’
period T},. limr, o 2, [t] = 2(t) 2
As x vanishes outside one period,

(1)
1o
l/\ o Cr = Tp/—oo x(t)e *mrEt gy
50
/\ /\ /\ Define Fourier Transform of x(t) as
Z C e]27TkF0t F() _ i X(F) = / :Ij'(t)e_jQﬂ'Ftdt
k=—o00 Tp -
1 X (F) is a function of the continuous
O, = 1 / ’ z,[t]e T2 R gy variable F'. C} are samples of X (F).
= P

1
Cp = = X[kF) = Fy X[kE))
Tp
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x(t) = lim x,[t]

2,(t) ‘ Tp—>OO
&/\; i/\f" - :
| o | = lim X[kAF]e*™ AR
zplt] = Z Cjel 2ot R
kZSOOO | — / X(F)ejQﬂFtdF
X(F) = / z(t)e 7™ dt —00

50 If we let radian frequency () = 27 F
CUp[t] = F() Z X[kFo]e‘jQWkFot

1 o0 :
et r(t) = o / X[Q)e a0,
1 T J—c0
AF2 = F & o
T, X[ = / w(t)e gt
é — 2k AF't _OO
zplt] = Z X|kAF)e! AF x(t), X[(2] are Fourier Transform Pair
k=—0o0
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Apply u(n) = ¢/“" to g(n) and obtain output ¥:

y(n) =g(n)xun) = Y glklu(n—k) = Y glk)e "

k=—o00 k=—00
— pJun Z g<k)€—jwk
k=—oc0
Define Discrete Time Fourier Transform
G2 Y ke = 3 gk = G
k=—00 k=—o00 z=eJW

Provided, absolute convergence:

> gk 7 <oo= > g(k)| < oo

k=—00 k=—00

For causal systems, BIBO stability
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y(n) _ ejwn Z g<k>€—jwk _ ejwnG<€jw)

k=—00
Write in polar coordinates: G(e/V) = |G(e’%)|e?% -  is phase angle:
yn) = MG = [Glel) el
1. Input is sinusoid = output also is a sinusoid with following properties:

e Output amplitude gets multiplied by the magnitude of G(e/%)
e Output sinusoid shifts by ¢ with respect to input

2. At w where |G(e’")] is large, the sinusoid gets amplified and at w where
it is small, the sinusoid gets attenuated.

e The system with large gains at low frequencies and small gains at
high frequencies are called low pass filters

e Similarly high pass filters
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