
1. Nature of Impulse Response - Pole on Real Axis

Causal system transfer function:

H(z) =
z

z − r
⇒ y(z) =

z

z − r
⇒ y(n) = rn

• r > 1: the response

grows monotonically

• 1 > r > 0: y decays

to zero monotonically

• 0 ≥ r > −1: oscil-

latory, decaying expo-

nential

• r < −1: the output

grows with oscillations
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2. Nature of Impulse Response - Complex Conjugate Poles

H(z) =
z2

(z − rejω)(z − re−jω)

r

×

×

ω

Calculate impulse response Y (z):

Y (z)

z
=

z

(z − rejω)(z − re−jω)

=
A

z − rejω
+

A∗

z − re−jω

A is complex, A∗ is conjugate

y(n) = Arnejnω + A∗rne−jnω

A = α1e
jθ

y(n) = α1r
n
[
ej(nω+θ) + e−j(nω+θ)

]
= 2α1r

n cos (nω + θ), n ≥ 0

{u(n)} =
∞∑

k=−∞

{δ(n− k)}u(k) = δ(n) ∗ u(n)

Arbitrary input = sum of impulse functions
Corresponding response = sum of above sinusoids
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3. Properties of Continuous Sinusoidal Signals

ua(t) = A cos (Ωt + θ), −∞ < t < ∞

A: amplitude

Ω: frequency in rad/s

θ: phase in rad

F : frequency in cycles/s or Hertz

Ω = 2πF

ua(t) = A cos (2πFt + θ)

Tp =
1

F

1. F fixed: periodic with period Tp

ua[t + Tp] = A cos (2πF (t +
1

F
) + θ)

= A cos (2π + 2πFt + θ)

= A cos (2πFt + θ) = ua[t]

2. Continuous signals with different

frequencies are different

u1 = cos

(
2π

t

8

)
, u2 = cos

(
2π

7t

8

)
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3. Frequency of u ↓ ⇒ rate of oscil-

lation of signal ↓
- t is a continuous variable
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4. Complex Sinusoids

ua[t] = Aej(Ωt+θ) = A[cos (Ωt + θ) + j sin (Ωt + θ)]

• For convenience, negative frequency

• Positive frequency = counter clockwise rotation

• Negative frequency = clockwise rotation

ua1[t] = A cos (Ωt + θ) =
A

2

[
ej(Ωt+θ) + e−j(Ωt+θ)

]
= Re

[
Aej(Ωt+θ)

]
Re - real part. Im - imaginary

ua2[t] = A sin (Ωt + θ) = Im
[
Aej(Ωt+θ)

]
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5. Properties of Discrete Sinusoidal Signals - Periodicity

u(n) = A cos (wn + θ), −∞ < n < ∞
w = 2πf

n integer variable, sample number

A amplitude of the sinusoid

w frequency in radians per sample

θ phase in radians.

f normalized frequency, cycles/sample

u(n) is periodic with period N , N >

0, if and only if (iff)

u(n + N) = u(n) ∀n

The smallest nonzero N = funda-

mental period

u(n) = cos (2πf0n + θ)

u(n + N) = cos (2πf0(n + N) + θ)

Equal iff there exists an integer k:

2πf0N = 2kπ ⇒ f0 =
k

N

• f0 is rational

• N obtained after cancelling the

common factors in
k

f0
is known

as fundamental period

A discrete time sinusoid is periodic

only if its frequency f is a rational

number

CL 692 Digital Control, IIT Bombay 5 c©Kannan M. Moudgalya, Autumn 2006

6. Properties of Discrete Sinusoids - Identical Signals

u(n) = A cos (wn + θ), −∞ < n < ∞
w = 2πf

n integer variable, sample number

A amplitude of the sinusoid

w frequency in radians per sample

θ phase in radians.

f normalized frequency, cycles/sample

Discrete time sinusoids whose fre-

quencies are separated by integer

multiple of 2π are identical, i.e.,

cos ((w0 + 2π)n + θ) = cos (w0n + θ), ∀n

All sinusoidal sequences uk(n)

uk(n) = A cos (wkn + θ),

wk = w0 + 2kπ, −π < w0 < π

• are indistinguishable or identical

• Only the sinusoids in range

−π < w0 < π are different

−π < w0 < π or − 1

2
< f0 <

1

2

This property is different from the

previous one

• Now fixed n & varying f

• Previously fixed f & varying n
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7. Properties of Discrete Sinusoids - Highest Frequency

u(n) = A cos (wn + θ), −∞ < n < ∞
w = 2πf

n integer variable, sample number

A amplitude of the sinusoid

w frequency in radians per sample

θ phase in radians.

f normalized frequency

(cycles/sample)

Highest oscillation

• w = π or w = −π

• f =
1

2
or f = −1

2

cos w0n has been plotted for

• w0 values of
π

8
,
π

4
,
π

2
, π

• integer n
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8. Sampling a Continuous Signal - Preliminaries

Let analog signal ua[t] have a fre-

quency of F Hz

ua[t] = A cos(2πFt + θ)

Uniform sampling rate (Ts s) or fre-

quency (Fs Hz)

t = nTs =
n

Fs

u(n) = ua[nTs] −∞ < n < ∞

= A cos (2πFTsn + θ)

= A cos

(
2π

F

Fs
n + θ

)

In our standard notation,

u(n) = A cos (2πfn + θ)

It follows that

f =
F

Fs
w =

Ω

Fs
= ΩTs

Apply the uniqueness condition for

sampled signals

−1

2
< f <

1

2
−π < w < π

Fmax =
Fs

2
Ωmax = 2πFmax = πFs =

π

Ts
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9. Properties of Discrete Sinusoids - Alias

• As w0 ↑, freq. of oscil-

lation ↑, reaches maxi-

mum at w0 = π

• What if w0 > π?

w1 = w0

w2 = 2π − w0

u1(n) = A cos w1n

= A cos w0n

u2(n) = A cos w2n

= A cos(2π − w0)n

= A cos w0n

= u1(n)

w2 is an alias of w1

u1[t] = cos

(
2π

t

8

)
, u2[t] = cos

(
2π

7t

8

)
, Ts = 1

u2(n) = cos

(
2π

7n

8

)
= cos 2π

(
1− 1

8

)
n

= cos

(
2π − 2π

8

)
n = cos

(
2πn

8

)
= u1(n)
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10. Fourier Series of Continuous Periodic Signals

• x(t) is periodic with a fundamental period Tp = 1
F0

• It has a Fourier Series:

x(t) =

∞∑
k=−∞

Cke
j2πkF0t

• Want to calculate Ck

• Multiply both sides by e−j2πlF0t

• Integrate from t0 to t0 + Tp, Tp = 1
F0∫ t0+Tp

t0

x(t)e−j2πlF0tdt =

∫ t0+Tp

t0

e−j2πlF0t

( ∞∑
k=−∞

Cke
j2πkF0t

)
dt

=

∞∑
k=−∞

Ck

∫ t0+Tp

t0

ej2π(k−l)F0tdt
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11. Fourier Series of Continuous Periodic Signals∫ t0+Tp

t0

x(t)e−j2πlF0tdt =

∞∑
k=−∞

Ck

∫ t0+Tp

t0

ej2π(k−l)F0tdt

= ClTp +

∞∑
k=−∞,k 6=l

Ck
ej2π(k−l)F0t

j2π(k − l)F0

∣∣∣∣t0+Tp

t0

If k − l 6= 0, let n = k − l:

ej2πnF0t
∣∣t0+Tp

t0
= ej2πnF0(t0+Tp) − ej2πnF0t0 = ej2πnF0t0(ej2πn − 1) = 0

Hence∫ t0+Tp

t0

x(t)e−j2πlF0tdt = ClTp ⇒

Cl =
1

Tp

∫ t0+Tp

t0

x(t)e−j2πlF0tdt =
1

Tp

∫
Tp

x(t)e−j2πlF0tdt

Since, periodic. x(t), Cl: Fourier Series Pair
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12. Fourier Transform of Continuous Aperiodic Signals

• Aperiodic ⇒ no Fourier series

• If x(t) = 0 outside (−Tp

2 ,
Tp

2 ), Con-
struct a periodic signal xp[t] with a
period Tp. limTp→∞ xp[t] = x(t)

xp[t] =

∞∑
k=−∞

Cke
j2πkF0t, F0 =

1

Tp

Ck =
1

Tp

∫ Tp
2

−Tp
2

xp[t]e
−j2πkF0tdt

As xp = x over one period,

Ck =
1

Tp

∫ Tp
2

−Tp
2

x(t)e−j2πkF0tdt

As x vanishes outside one period,

Ck =
1

Tp

∫ ∞

−∞
x(t)e−j2πkF0tdt

Define Fourier Transform of x(t) as

X(F ) =

∫ ∞

−∞
x(t)e−j2πFtdt

X(F ) is a function of the continuous
variable F . Ck are samples of X(F ).

Ck =
1

Tp
X [kF0] = F0X [kF0]
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13. Fourier Transform of Aperiodic Signals - Continued

xp[t] =

∞∑
k=−∞

Cke
j2πkF0t

X(F ) =

∫ ∞

−∞
x(t)e−j2πFtdt

xp[t] = F0

∞∑
k=−∞

X [kF0]e
j2πkF0t

∆F
4
=

1

Tp
= F0

xp[t]
4
=

∞∑
k=−∞

X [k∆F ]ej2πk∆Ft∆F

x(t) = lim
Tp→∞

xp[t]

= lim
∆F→0

∞∑
k=−∞

X [k∆F ]ej2πk∆Ft∆F

=

∫ ∞

−∞
X(F )ej2πFtdF

If we let radian frequency Ω = 2πF

x(t) =
1

2π

∫ ∞

−∞
X [Ω]ejΩtdΩ,

X [Ω] =

∫ ∞

−∞
x(t)e−jΩtdt

x(t), X [Ω] are Fourier Transform Pair

CL 692 Digital Control, IIT Bombay 13 c©Kannan M. Moudgalya, Autumn 2006

14. Frequency Response ⇒ Discrete Time Fourier Transform

Apply u(n) = ejwn to g(n) and obtain output y:

y(n) = g(n) ∗ u(n) =

∞∑
k=−∞

g(k)u(n− k) =

∞∑
k=−∞

g(k)ejw(n−k)

= ejwn
∞∑

k=−∞

g(k)e−jwk

Define Discrete Time Fourier Transform

G(ejw)
4
=

∞∑
k=−∞

g(k)e−jwk =

∞∑
k=−∞

g(k)z−k

∣∣∣∣∣
z=ejw

= G(z)|z=ejw

Provided, absolute convergence:

∞∑
k=−∞

|g(k)e−jwk| < ∞⇒
∞∑

k=−∞

|g(k)| < ∞

For causal systems, BIBO stability
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15. Frequency Response - Continued

y(n) = ejwn
∞∑

k=−∞

g(k)e−jwk = ejwnG(ejw)

Write in polar coordinates: G(ejw) = |G(ejw)|ejϕ - ϕ is phase angle:

y(n) = ejwn|G(ejw)|ejϕ = |G(ejwn)|ej(wn+ϕ)

1. Input is sinusoid ⇒ output also is a sinusoid with following properties:

• Output amplitude gets multiplied by the magnitude of G(ejw)

• Output sinusoid shifts by ϕ with respect to input

2. At ω where |G(ejw)| is large, the sinusoid gets amplified and at ω where

it is small, the sinusoid gets attenuated.

• The system with large gains at low frequencies and small gains at

high frequencies are called low pass filters

• Similarly high pass filters
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