w(0) = lim U(z) if the limit exists

Uz)= > ulk)z" =) ulk)z"

=u(0) +u(l)z™ +u(2)z7+- -
lim U(z) = u(0)

Z—0Q
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Under the conditions
e U(z) converges for all |z| > 1,

e if all the poles of U(z)(z — 1) are inside the unit circle,

lim u(k) = ll_)rq(z — 1U(2).

k—oo

e Only allowable pole not strictly inside the unit circle is a simple pole at
z =1, which is removed in (z — 1)U(2)

e Allows the important signal of steps to be accommodated

e U(z) is finite for arbitrarily large z implies that u(k) is causal

CL 692 Digital Control, II'T Bombay 2 ©Kannan M. Moudgalya, Autumn 2006



e To prove limy .o u(k) = lim,1(z — 1)U(2)

e As u(00) is bounded we can evaluate the following, which has an extra
u(—1) = 0:

u(l) = —u(—=1) + u(0) — u(0) + u(1)
uw(2) = —u(—1) + u(0) — u(0) + u(l) — u(l) + u(2)
kh_)ngo u(k) = —u —£)r+ u(OZ\—u(OU u(l) —
Au(0) Au(1)
klggo u(k) = Au(0) + Au(l) + Au(2) + -+ - = ll_)ﬂi Au(0) + Au(1)z™! + Au(2)z 72

Define Au(n) = u(n) —u(n — 1). Since Au(k) =0V k <0,

T k1 B B —k
1 _ 1 T -1
= ll_}ﬂr% U(z) — 2 'U(z2)] ll_}l”ri (1-2"HU(z)
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Using the final value theorem, find the Is it possible to use the final value
steady state value of (0.5"—0.5)1(n) and theorem on 2"1(n)?
verify.

2"1(n) < |z| > 2
n z 0.5z z—

(0.5" = 0.5)1(n) « — 12| > 1 _ _ _
z—05 2z-1 e Since RHS is valid only for
nh_)n;o LHS =—-0.5 |z| > 2, the theorem cannot

0.5 even be applied.
lim(z — 1)RHS = — lim © (z—1) PP

=l =z = e In the LHS also, there is a
=—05 pole outside the unit circle

thereby violating the condi-
tions of the theorem.
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g(n) < G(z)
then,

g(n) *u(n) < G(z)

Recall the motivation slide for Z-transform.

Ul(z).

CL 692 Digital Control, IIT Bombay b}
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u(n) < U(z) with ROC = R, then

nu(n) < _ZdZ(z) with ROC' = R,,.

z

Begin with the Z-transform of w:

Uz) = Z u(n)z™"
dU(2)  d & I
= En;w u(n)z " = — n;m nu

CL 692 Digital Control, IIT Bombay 6
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Problem 4.9 in Text: Consider Example
1(n)a" « Z A" ’az—l‘ <1 n*1(n) = [n(n — 1) +n] 1(n)
zZ—a
n=0

Differentiating w.r.t. a, can show that

. 00
(Z a CL) n=0

Notice that a = 1 now.

Taking Z-transform,

22 n z
<
(z—=17°  (2—-1)
and hence that 224
_ 4 (s —1)3
na" '1(n) & ——— (z—1)
(z —a)
Differentiating once again,
_ 2z
n(n —1)a"*1(n) < g
(z —a)
CL 692 Digital Control, IIT Bombay 7 ©Kannan M. Moudgalya, Autumn 2006

If Z-transform of u(n) is U(z), the Z-transform of u(—n) is U(z71).

Proof:

CL 692 Digital Control, IIT Bombay 8
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x(n+1) = Ax(n)+ Bu(n) z(0) = xg (1)
y(n) = Ca(n) + Du(n) (2)

Eq. 1 is invalid for n = —1:
z(0) = Az(—1) + Bu(—1) = 0 # x
n < 0 property not explicitly stated. But if we write it as
z(n+1) = Az(n) + Bu(n) + d(n + 1)z (3)
and assume initial rest, all variables are zero until n = 0, problem is solved:
e It satisfies the condition for all n: (1) n<0(2)n=03)n>0
e Meaning: All variables are zero to start with. Somehow x = x4 at n = 0.

e Makes the model well defined for all n. Can take Z-transform as well

e Using one sided Z-transform leaves the problem statement vague

CL 692 Digital Control, IIT Bombay 9 ©Kannan M. Moudgalya, Autumn 2006

Z-transform of  z(n+ 1) = Az(n) + Bu(n) +6(n+ 1)xy  gives

2X(2) = AX(z)+ BU(2) + xpz
(21 — A)X(2) = BU(2) + 02
X(2) = (2 — A)7'BU(2) + 2(21 — A) 'y
Z-transform of  y(n) = Cz(n) + Du(n) s
Y(2)=CX(z)+ DU(z)
= C(zl — A)'BU(2) + DU(2) + C(2I — A)~'22(0)
[C(2I — A)"'B + D|U(2) + C(2 — A)"'22(0)
Ztrag%o% of yy " Ztlraifsifo%f-n2 of yx
2 Gu(2)U(2) + Gul2)zg
C(zI — A)'B=G,(2) < CA"'B
(21 —A) 2 e A"

CL 692 Digital Control, II'T Bombay 10 ©Kannan M. Moudgalya, Autumn 2006
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x(k+1) = Ax(k) + Bu(k), y(k) = Cx(k) + Du(k), {u(k)} = {u(0),

z(1l) = Az(0) + Bu(0)

z(2) = Az(1) + Bu(1) = A[Az(0) + Bu(0)] + Bu(l) =

2(3) = Ax(2) + Bu(2) = A*z(0) + A*Bu(0) + ABu(1) + Bu(2)
k-1

w(k) = APx(0)+ ) AFIBu(), A =T
- k-1

y(k) = CA*2(0) +Y CA*CH)Bu(i) + Du(k)

state response y,

\z 0

J/

In input-output setting, we get

vV
input response ¥,

k k—1
(k) = Yo+ gu =y + > _uli)g(k — i) = yo + > uli)g(k
1=0 1=0
Comparing terms, we get,
g(k) =CA'B, k>0, ¢(0)=D

Usually, however, D and hence ¢(0), are zero.

u(l),u(2),...}

A?2(0) + ABu(0) + Bu(1)
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Find the transfer function of
- v F=1]0 0;1 -0.1]; G= [0.1;
) 1 0 5 [ 0.02 . C—[01]; D=0 Ts—o0.2
- - s sys = ss(F,G,C,D);
:0.19801 0.9802 0.001987 . oysd — 2d(sys Ts. 'zoh '),
C=10 1}, D=0,G(z)=clzI -A)'B ° "= tfsysd)
1 B 2
G- 1} z 0 0.0
—0.19801 z — 0.9802 0.001987
B [0 1} 209802 0 0.02
~ (z—1)(z—0.9802) | 0.19801 =z —1| |0.001987
019801 2 1] [ g0
" (2= 1)(z — 0.9802) |0.001987
0.001987 0.0019732 0.9931
_ ° — 0.001987—=

(z — 1)(z — 0.9802)

(z — 1)(z — 0.9802)

CL 692 Digital Control, IIT Bombay
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Find the inverse Z-transform of Multiply throughout by z — 1 and

252 + 9 let 2 =1 to get
Gl)= 55—
22+ 22—3 B 4 1
G(2) 2242 T4
= |z| >3
N G UCh SN EVET
A B z 243 z—-1
- + |z| >3 z z
2+3 z—1 G(z) = |z| >3
_ z+3 z-—1
Multiply throughout by z + 3 and N (—3)”1(71) + 1(7’&)
let z = —3 to get
2z + 2 —4
A= i =— =1
z—1|,_ 4, —4
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N
G(z) = = 04)<§l>)1(z) « not a root of N(z) and D;(z)
A A A
G(z) = 1 2 b —2 4 G(2),
z—a  (z—a«a)? (z — a)p

(G(z) has poles corresponding to those of D;(z). Multiply by (z — «)?,

(z — a)PG(z) = A1(z — a)P 7+ Ag(z — )P 2 4 - -
+ A, 1(z—a)+A,+G(2)(z —a)f

Substituting z =, A, = (z — @)’G(2)].=0-

Differentiate and let z = o A, = %(z — a)’G(2)],=a
2
I
Continuing, A; = e 1)!dzp—1(z — a)’'G(2)]:=a
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1122 — 15246 A1 AQ B
) = e o1 o1 12

Multiply by z — 2, let 2 = 2, to get B = 20. Multiply by (2 — 1),

1122 — 152+ 6 —1)?
ARG o)+ Ay BB
z—2 z—2

With z = 1, get Ay = —2. Differentiating with respect to z and with z =1,

(z —2)(222 — 15) — (112* — 152 + 6)

A= oy o
9 2 20
G<Z>__z—1_(z—1)2+z—2'
2 2
2G(2) = — 9z z Oz

z—1 (2—1)2—1_2—27
o (=9 —2n +20.2")1(n),
G(z) = (=9 —2(n—1)+20.2" H1(n - 1)

CL 692 Digital Control, IIT Bombay 15 ©Kannan M. Moudgalya, Autumn 2006

If numerator degree = denomi-

nator degree, divide by denom- G'(2) |
inator, and do a partial fraction - - (z—1)(22 — 2+ 1)
expansion: B 241
(4 ge 1) (= Dz — o)z — e o)
G(z) = 2 1 1
(z -1z —2z+1) = - o —
2z +1) z—1 z—e™3  z—eim/3
= |1+ ] , 2z z z
— 2 _ = — —
L EmUE )] Gl = G T e
— (1 + G/<Z>) 9 6j7r/<:/3 . 6—j7rk/3
As G'(z) has a zero at the ori- = (2 — 208 %k‘) 1(k).
gin, its partial fraction expan-
sion is carried out as follows: Finally, from this, we get the inverse of the

given transform as

g(k)=9(k) + (2 — 2cos gk) 1(k).
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H—rt
O — =2

G(z) = 0

1 A b
(1—327) (1—35271) (|z| ~ g) -1 " 1— 4271

3

Multiply both sides by 1 — %Lz_l and let z =

3— 32,71
_ 6 _
A_—l—lz—l 1—1
3 Z:Z

Multiply both sides by 1 — %z‘l and let z =

5 -1
B8 |
I o -
4 z:%

Substituting in the above, we get,

1 2
G(z) = 1_12_1+1_%z_1 - K

4

4

to get

I,

to get

RO

CL 692 Digital Control, IIT Bombay 17
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Write numerator and denominator in
powers of z~! and divide.

1
1 —azt
Apply method of long division:

G(z) = 2| > |al

l+azt+a?272+---

l—azt | 1

—az

az"t

az™t  —a?z7?
a’z7?

To summarize,

1

T 1+az ' +a2 %+

As coefficients of positive pow-
ers of z are zero,

Generalizing,

g(n) =a"1l(n).

CL 692 Digital Control, IIT Bombay 18
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Implementation of controller through
inversion: known as realization.
G(Z) _ by + blz__l + b22:2 +
l+az7t+agz™24---
A B(z)
- A(2)

If the input to this system is U(z) and
the corresponding output is Y'(2),

Cross multiplying,
A(2)Y(z) = B(2)U(z)

Using the expression for B and A, the
above equation becomes,

Y(2) + a1z Y (2) + azz ?Y (2)
+az3z Y (2) +
=bU(z) + b1z 'U(2)
+hoz 2U(2) + b3z U (2) +
Y(2) = —a127 'Y (2) — a2 ?Y (2)
— a3z %Y (2) —
+ boU(Z) + b1Z_1U(Z)
+ b2272U<Z> + ngiSU(Z) +
Using the Shifting Theorem,
y(n) = —ary(n — 1) — agy(n —2)
—ay(n—3) + -
+ bou(n) + byu(n — 1)
+ bou(n — 2) + bsu(n — 3) + - - -
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y(k) = x1(k)
Y(z)=G(2)U(z) = iéi;wz) za1(k) = 22(k) + bru(k) — arzy (k)
Y(2) = —a127 'Y (2) — a2 ?Y (2) 2ra(k) = 23(k) + bu(k) = axm ()
. zx3(k) = bsu(k) — asxi(k)
—azz Y(z) —

+ boU(Z) + 512_1U<Z>

In the form of state space equations:

+ b2z_2U<Z> + b32_3U<Z> + $1(l€ + 1) —a; 1 0 $1<I{Z>
U(z) 392(]€+ 1) = |—ay 0 1 $2(l€)
333(k5+ 1) —das 00 $3(l€)
b _bl
Zf £ ﬁ + | o | ulk)
LR o112 s Y (2) _bg
- - - z1(k)
i - = y(k) = [1 0 0] |ask)
l’g(k)
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