
1. Identification of FIR Process

Generate input u(n), white noise ξ(n) and the corresponding output y(n) of:

y(n) =
0.6− 0.2z−1

1− 0.5z−1 u(n− 1) + ξ(n).

From the input-output data, determine the underlying FIR model.
Expanding it in power series,

y(n) = (0.6− 0.2z−1)(1 + 0.5z−1 + 0.25z−2 + · · · )u(n− 1) + ξ(n)

= (0.6 + 0.1z−1 + 0.05z−2 + 0.025z−3 + · · · )u(n− 1) + ξ(n)

As this is a fast decaying sequence, it can be approximated well by a FIR model.
Recall a old fact:
Consider an LTI system, ξ(k) is noise, u and ξ uncorrelated, i.e., ruξ(k) = 0:

ruu(0) · · · ruu(N)
ruu(−1) · · · ruu(N − 1)

...
ruu(−N) · · · ruu(0)




g(0)
g(1)

...
g(N)

 =


ryu(0)
ryu(1)

...
ryu(N)

 .

Done by cra command of Matlab
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2. Matlab Code to Demonstrate cra

1 % C r e a t e t h e p l a n t a n d n o i s e m o d e l o b j e c t s

2 va r = 0 . 0 5 ;
3 process mod = i d p o l y ( 1 , [ 0 0 .6 −0.2] , 1 , 1 , . . .
4 [ 1 −0.5] , ’ N o i s e v a r i a n c e ’ , var , ’ Ts ’ , 1 ) ;
5 % C r e a t e i n p u t s e q u e n c e

6 u = i d i n p u t (2555 , ’ p rb s ’ , [ 0 0 .2 ] , [ −1 1 ] ) ;
7 e = randn ( 2 555 , 1 ) ;
8 % S i m u l a t e t h e p r o c e s s

9 y = i d s im ( [ u e ] , p roces s mod ) ;
10 % P l o t y a s a f u n c t i o n o f u a n d e

11 subplot ( 3 , 1 , 1 ) , plot ( y ( 1 : 5 0 0 ) ) ,
12 t i t l e ( ’ P l an t output as a f u n c t i o n o f i n p u t s ’ , . . .
13 ’ Fon tS i z e ’ , 14)
14 y labe l ( ’ P l an t output y ’ , ’ Fon tS i z e ’ , 14)
15 subplot ( 3 , 1 , 2 ) , plot ( u ( 1 : 5 0 0 ) )
16 y labe l ( ’ P l an t i n pu t u ’ , ’ Fon tS i z e ’ , 14)
17 subplot ( 3 , 1 , 3 ) , plot ( va r ∗e ( 1 : 5 0 0 ) )
18 y labe l ( ’ No i s e i n pu t e ’ , ’ Fon tS i z e ’ ,14)
19 x labe l ( ’ Sampl ing i n s t a n t , k ’ , ’ Fon tS i z e ’ ,14)
20 % B u i l d i d d a t a o b j e c t s
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21 z = i dd a t a ( y , u , 1 ) ;
22 % C o m p u t e i m p u l s e r e s p o n s e u s i n g

23 % C R A a f t e r r e m o v a l o f m e a n s

24 f i gu re ; [ i r , r , c l ] = c r a ( de t r end ( z , ’ c on s t an t ’ ) ) ;
25 hold on
26 % C o m p a r e t h e f i r s t 1 0 i m p u l s e r e s p o n s e

27 % c o m p u t e d f r o m G ( q )

28 i r a c t = f i l t e r ( [ 0 0 . 6 −0 .2 ] , [ 1 − 0 . 5 ] , . . .
29 [ 1 zeros ( 1 , 9 ) ] ) ;
30 % P l o t t h e a c t u a l I R

31 set (gca , ’ XLim ’ , [ 0 9 ] ) ; gr id on ;
32 h ac t = stem ( ( 0 : 9 ) , i r a c t , ’ ro ’ , ’ f i l l e d ’ ) ;
33 % A d d l e g e n d

34 c h f = get ( gcf , ’ C h i l d r e n ’ ) ;
35 c h f 2 = get ( ch f , ’ C h i l d r e n ’ ) ;
36 legend ( [ c h f 2 (5 ) h a c t ( 1 ) ] , . . .
37 { ’ E s t imated ’ ; ’ Ac tua l ’ } ) ;
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3. Input-Output Plots in FIR Example
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4. Predicted and estimated impulse response coefficients
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5. ARX Model: Example of Equation Error Model

A(z)y(k) = B(z)u(k) + ξ(k)

where,

A(z) = 1 + a1z
−1 + a2z

−2 + · · ·
B(z) = b1z

−1 + b2z
−2 + · · ·

Substituting,

y(k) = −a1y(k − 1) − a2y(k − 2) − · · ·
+ b1u(k − 1) + b2u(k − 2) + · · · + ξ(k)

ξ(k) appears in equation, as opposed to ap-

pearing in the output directly. So known as

Equation Error Model.
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6. ARX Model as a Regression Equation

y(k) = a1y(k − 1) +
N∑

l=0

g(l)u(k − l) + ξ(k)

 y(k)
y(k − 1)

...

 =

y(k − 1) u(k) · · · u(k −N)
y(k − 2) u(k − 1) · · · u(k −N − 1)

...




a1

g(0)
g(1)

...
g(N)

 +

 ξ(k)
ξ(k − 1)

...



This is in the form of Z(k) = Φ(k)θ + Ξ(k) with

Z(k) =

 y(k)
y(k − 1)

...

 , Φ(k) =

y(k − 1) u(k) · · · u(k −N)
y(k − 2) u(k − 1) · · · u(k −N − 1)

...

 , θ =


a1

g(0)
g(1)

...
g(N)


Note that θ consists of a1 and the impulse response coefficients g(0), . . ., g(N).
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7. ARX Model: Example of Equation Error Model

Generate input, u(n), white noise, ξ(n) and the corresponding output y(n) of the ARX
model

y(n)− 0.5y(n− 1) = 0.6u(n− 2)− 0.2u(n− 3) + ξ(n)

From the input-output data, determine the underlying ARX model.

Code:

1 % C r e a t e t h e p l a n t a n d n o i s e m o d e l o b j e c t s

2 p r o c e s s a r x = i d p o l y ( [ 1 −0 .5 ] , [ 0 0 0 .6 − 0 . 2 ] , . . .
3 1 ,1 ,1 , ’ N o i s e v a r i a n c e ’ , 0 . 0 5 , ’ Ts ’ , 1 ) ;
4

5 % C r e a t e i n p u t s e q u e n c e a n d s i m u l a t e

6 u = i d i n p u t (2555 , ’ p rb s ’ , [ 0 0 .2 ] , [ −1 1 ] ) ;
7 e = randn ( 2 555 , 1 ) ;
8 y = i d s im ( [ u e ] , p r o c e s s a r x ) ;
9

10 % B u i l d i d d a t a o b j e c t s a n d r e m o v e m e a n s

11 z = i dd a t a ( y , u , 1 ) ; zd = de t r end ( z , ’ c on s t an t ’ ) ;
12
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13 % C o m p u t e I R f o r t i m e − d e l a y e s t i m a t i o n

14 f i gu re ; [ i r , r , c l ] = c r a ( zd ) ;
15

16 % T i m e − d e l a y = 2 s a m p l e s

17 % E s t i m a t e A R X m o d e l ( a s s u m e k n o w n o r d e r s )

18 na = 1 ; nb = 2 ; nk = 2 ;
19 t h e t a a r x = arx ( zd , [ na nb nk ] )
20

21 % P r e s e n t t h e m o d e l

22 p r e s e n t ( t h e t a a r x )
23

24 % C h e c k t h e r e s i d u a l p l o t

25 f i gu re ; r e s i d ( t h e t a a r x , zd ) ;

• resid plots γ(y−ŷ)(y−ŷ)(n), γ(y−ŷ)u(n)
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8. Impulse response coefficients
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9. Impulse response coefficients
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Discrete-time IDPOLY model: A(q)y(t) = B(q)u(t) + e(t)
A(q) = 1 - 0.4878 (+-0.01567) q^-1
B(q) = 0.604 (+-0.00763) q^-2 - 0.1887 (+-0.01416) q^-3

y(n) − 0.5y(n− 1) = 0.6u(n− 2) − 0.2u(n− 3) + ξ(n)
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10. Case Study (case1.m)

Determine the model from the data generated using

y(n) =
1.2z−1 + 0.1z−2

1− z−1 + 0.2275z−2u(n) +
1

1− 0.94z−1e(n)

without using the knowledge of the order of the model.
code: case1.m
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