Recall the ARMAX model:
A(z)y(n) = B(z)u(n — k) + C(2)¢(n)

u - input

Yy - output

¢ - white noise
k - delay

e A, B, C are polynomials in z~*

e All delay is factored into k& so the constant terms of A, B, C

are not zero
e Constant terms of A and C' are one (that is, A, C' are monic)
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Recall
A(z)y(n) = B(z)u(n — k) + C(z)¢(n)
which can be rewritten as,
A()y(n +7) = B(z)u(n + j — k) + C(2)§(n + j)
e Any change in u can affect y only after £ samples
e But white noise starts affecting the process right away

e Want to get the best estimate of the output so as to take
corrective action, starting now
e Want to predict output from ¢+ k& onwards or fort+4, 7 > k
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Recall

yn+k)= %u(n) - %ﬁ(n + k)

If C' = A, the best prediction model is,

B
i+ k) = 5 u(w
It C'# A, divide C' by A as follows:
C(2) _Fi(2)
— F. J)_J
At ~ PTG
E](Z) = €50 T €j712_1 S €jjj_12_(j_1)
FJ(Z) = fj,() + fj,lz_l + -+ fj,dFjZ_dFj
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B et
N — -
y(n+7j) 1M@W”+J )+A@fm+ﬁ
B(z)

y(n+j) =

A(Z>u(n+j — k)

i ((ej,o fepan + - e V)

fio+ f',lZ_l Tt f’,dF-Z_dFj .
g o £(n + j)

A(2)
Il term = €j7of(n —|—]> + 6]"16(7% —f—j — 1) + e+ ej,j_lf(n + 1)

All future terms.

[l term = (fj)() + fj,lz_l + et fj,dFjZ_dFj) §(n)/A(z)

[l term is known from previous measurements
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=
oJ

— (0.1622

PIiALULLLLE. O\ L1AS
N T Z) T
YN+ 5) = T 06 — 01652 T 1= 0.60-

Split C' into £ and F}, for j = 2:

1+ 0. 52_1 0.82 4 0.17621
1 —0.6z7"1—0.16272 1 —0.6z71—0.16272

Substitute it in the expression for y(n + j), with j = 2:
1
2) =
yn+2) = T — o162
+ (141127 HEn +2)
L, 0.82+0.17627
1 —-0.6z71—-0.16272

Second term is unknown: Last term is known.

& +7)

»—lCD

= (1 & Lilz )4 5>

+ z

E(n+2)
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Ay(n) = Bu(n — k) + C&(n)

6]
[1_%1 (it — >+% (n) + E€(n + 5)

Y+ 3) = Duln +5— )+ ZEm + )
g (n+j—k)+ [Ej+z‘j%] E(n+j)
= Zulnt 5 — k) + 2e(m) + Bien + )
=Dtk DB TR
= Su(ntj = k) = —Lzu(n — )+ Jy(n) + B + )
B
i
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From the previous slide,

v+ 5) =5 [1= G uln b3 = 1)+ Dyl + Byl +5)
C F. C v C F;
— = F —J1_J =, E; 1— 72| = E.
A= BFET s g=E = :‘A[ZC] j
. Lb;B . F; :
y(n+j) = —5-uln +j = k) + Zy(n) + E(n + j)
Last term has only future terms. Hence, best prediction model
E;B F;
i+ i) = “Lu(n+ j — k) + Zy(n)

means estimate. |n means “using measurements, available up
to and including n”
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|l
o

= Ej—|—Z_J

x|
N

1+1.1271
1 —0.6z71

—0.1627% | 1 +0.5z71
1 —0.6271 —0.16272

+1.1z271 40.16272

+1.1z71 —0.66272 —0.176273

+0.82272 +0.176273
1+0.5z71

0.82 4+ 0.1762"!
1+1.1 =2
06,1 0162 Ut LIz )tz 1 — 0.62-1 — 0.1622
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An easier method exists to solve

C _F;

Cross multiply by A:
C = AE; + 2z’ F;
e C, A, =z are known
e [/;, I; are to be calculated.

e Think: How would you solve it?
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ARMAX Model :

Ay(n) = Bu(n — k) + C&(n)
C = E]A + Z_ij

B .
-+ jl6) = 2 uln + j — K) + Sy(n)
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ARIMAX model with A =1— z71

C
Ay(n) = Bu(n — k) + +£(n)
AAy(n) = BAu(n — k) + C&(n)
Same as ARMAX model with

A — AA
B «— BA

) | E.BA | F.
g(n+ jln) = qum+y—m+z@m>
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Recall ARIMAX model from previous slide:

AAy(n) = BAu(n — k) + C&(n)
E;BA

. . , F
g(n+ jln) = uln+j — k) + —Zy(n)
C C

ARIX model, obtained with C' = 1 in ARIMAX:

1
Ay(n) = Buln — ) + ~€()
1 = EJAA + Z_ij
y(n+j|t) = E;BAu(n + 5 — k) + Fyy(n)
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ARMAX Model:
Ay(n) = Bu(n — k) + C&(n)
O = E]A SN Z_ij

E.B F .
é gjy(n) + Ei&(n+j)

Minimum variance control: Minimize the variations in y at k
itself:

yn+j) = un+j3—k)+

EkB Fy,

() + TEy(m) + Bt + b

To minimize & [y*(n + k)] £(n+k) is independ. of u(n), y(n)

EyBu(n) + Fry(n) =
) =

yn+k)=

Rl
uln) = =)
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U.o 1
n) = u(n —1)+ n
y() = T 51 — U g gt

A=(1-052"YH1-09z71
=1— 142"+ 0452
B =05(1-0.9z"%
C=(1-05z"
k=1
C = E A+ 2z "F,
1 —052z"'= E1(1 — 1427 +0.4527%) + 271y

Solving,

Ei=1
F;=0.9—0.45z7"
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B=0.5(1-09z"1

E, =1
Fi=09—0.45z""
F, 0.9 —0.45z1
wr) =~ B = ~05a 0.0, Y™
2 — 1
— —0.9
o0, 1Y

En+k) =& [(Ekg(n + k))ﬂ _ £ [(§(n + 1))2} e
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Recall
1
Ay(n) = Bu(n — k) + Zﬁ(n)
y(n+ jn) = E;BAu(n + j — k) + Fyy(n)

Minimum variance control law is obtained by forcing y(n + j|n)
to be zero:

ErBAu(n) = —Fpy(n)

Aufn) = -5 5y(n)

For nonminimum phase systems, use an alternate approach
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